Abstract. Under some weak hyperbolicity conditions, we establish C 0 -and C 1 -local rigidity theorems for two classes of standard algebraic actions: (1) left translation actions of higher real rank semisimple Lie groups and their lattices on quotients of Lie groups by uniform lattices; (2) higher rank lattice actions on nilmanifolds by a ne di eomorphisms. The proof relies on an observation that local rigidity of the standard actions is a consequence of the local rigidity of some constant cocycles. The C 0 -local rigidity for weakly hyperbolic standard actions follows from a cocycle C 0 -local rigidity result proved in the paper. The main ingredients in the proof of the latter are Zimmer's cocycle superrigidity theorem and stability properties of partially hyperbolic vector bundle maps. The C 1 -local rigidity is deduced from the C 0 -local rigidity following a procedure outlined by Katok and Spatzier.
local rigidity theorems for two classes of standard algebraic actions: (1) left translation actions of higher real rank semisimple Lie groups and their lattices on quotients of Lie groups by uniform lattices; (2) higher rank lattice actions on nilmanifolds by a ne di eomorphisms. The proof relies on an observation that local rigidity of the standard actions is a consequence of the local rigidity of some constant cocycles. The C 0 -local rigidity for weakly hyperbolic standard actions follows from a cocycle C 0 -local rigidity result proved in the paper. The main ingredients in the proof of the latter are Zimmer's cocycle superrigidity theorem and stability properties of partially hyperbolic vector bundle maps. The C 1 -local rigidity is deduced from the C 0 -local rigidity following a procedure outlined by Katok and Spatzier. Using similar consideration, we also establish C 0 -global rigidity of volume preserving, higher rank lattice Anosov actions on nilmanifolds with a nite orbit.
Introduction and the statement of results
A subgroup of GL(n; R) is called real algebraic (or simply algebraic) if it is the set of common zeroes in GL(n; R) of P 1 ; : : : ; P m where each P i is a (real) polynomial in the matrix coe cients. Let G denote the connected component of identity in a semisimple real algebraic group. Let us note that the class of such groups coincides with the class of connected semisimple Lie groups in GL(n; R). We assume that every (almost) simple factor G i of G has real rank at least 2 (i.e., there exists an abelian subgroup A i G i such that A i is diagonalizable over real numbers and dim(A i ) 2). A semisimple Lie group G of this type is called in this paper a higher real rank group, and a lattice ? G (a discrete subgroup with vol(G=?) < 1) is called a higher rank lattice in G.
One of the central questions about the actions of higher real rank groups and higher rank lattices is whether or not they are all (or under some mild hypotheses) of an algebraic nature (see Z86] ). It is conjectured that such actions are \rigid"; for instance, one conjectures that for ergodic higher rank lattice actions on closed manifolds preserving Lebesgue measure, the actions are of algebraic nature on an open dense set with the following building blocks:
(1) actions preserving a Riemannian metric; connected Lie group and H a cocompact lattice. We call these three types of actions type (1), type (2) and type (3) (standard) actions, respectively. It is also conjectured that the standard actions are locally rigid; i.e., any small perturbation actions are conjugations by di eomorphisms.
We remark that type (2) and type (3) actions are special cases of a ne actions. Let H= be a compact manifold, where H a connected Lie group and a cocompact lattice in H. A di eomorphism f : H= ! H= is said to be a ne if the derivative map Df : T(H= ) ! T(H= ) is described by a constant matrix map with respect to the framing of T(H= ) given by vector elds descended from right-invariant vector elds on H. It is easy to see that left translations L a , a 2 H and automorphisms A 2 Aut(H= ) are a ne di eomorphisms, and the set of all a ne di eomorphisms is a dim(H)-dimensional Lie group generated by fL a : a 2 Hg and Aut(H= ). A ?-action is a ne if the action of each 2 ? is a ne. We note that if H = N is nilpotent Lie group, then the periodic points (points with nite orbit) of an a ne action 0 of a higher rank lattice ? on N= are dense in N= ( Corollary 3, H93] ). Hence there exists a subgroup ? 0 ? of nite index, such that 0 j ? 0 has a xed point p = a] 2 N= . Let L a : N= ! N= be the left translation by element a 2 N. Then L ?1 a 0 ( ) L a is a ? 0 -action on N= by automorphisms for a homomorphism : ? 0 ! Aut(N= ).
Let us recall some standard de nitions and introduce some necessary terminology before we state our local rigidity result.
By a C r -action of a topological group F on a compact manifold M we mean a continous map from F M ! M; (g; x) 7 ! gx, such that : F ! Di r (M) is a continuous homomorphism, where Di r (M) is the group of all C r -di eomorphisms and (g)x = gx. Let F be a topological group generated by a comapct set F c containing a neighborhood of identity 1 F . Let F act continuously on M. Let T be a topological group. Let C(F; M; T) denote the set of T-valued continuous cocycles (a T-valued cocycle is a continuous map : F M ! T such that (g 1 g 2 ; x) = (g 1 ; g 2 x) (g 2 ; x) for all g 1 ; g 2 2 F, x 2 M). For each 0 2 C(F; M; T) and an open set W T containing 1 T , let U( 0 ; F c ; W) denote the subset of C(F; M; T) such that for each 2 U( 0 ; F c ; W), (g; x) ?1 0 (g; x) 2 W for all g 2 F c ; x 2 M. We introduce a topology on C(F; M; T) by declaring fU( 0 ; F c ; W) : 0 2 C(F; M; T); W T open neighborhood of 1 T g as a topology base.
Using similar consideration, we introduce for each k r the C k -topology for Act r (F; M), the set of all C r -actions of F on M. We endow Di r (M) with C k -topology. Let W Di r (M) be a neighborhood of id M . For each 0 2 Act r (F; M), let U( 0 ; F c ; W) denote the subset of Act r (F; M) such that for each 2 U( 0 ; F c ; W), (g ?1 ) 0 (g) 2 W for all g 2 F c . We introduce the C k -topology on Act r (F; M) by declaring fU( 0 ; F c ; W) : 0 2 Act r (F; M); W Di r (M) open in C k topologyg as a topology basis.
It is easy to see that the topology for C(F; M; T) and the C k -topology for Act r (F; M) do not depend on the choice of the compact generating set F c containing a neighborhood of 1 F .
We say that a property P holds for all cocycles su ciently C 0 -close to 0 2 C(F; M; T), if there exists a neighborhood U 0 C(F; M; T) of 0 , such that P holds for all 2 U 0 .
Similarly, we say that a property P holds for all C r -actions su ciently C k -close to action 0 , if there exists a neighborhood U 0 Act r (F; M) of 0 in C k -topology, such that P holds for all 2 U 0 .
Next we explain the notion of weak hyperbolicity.
De nition 1.1. We say that a C 1 -action of F on a smooth compact manifold M is weakly hyperbolic, if there exist nite number of elements g 1 ; : : : ; g k 2 F, such that:
For each i = 1; : : : ; k, (g i We remark that type (1) actions are never weakly hyperbolic. Given a higher real rank group G and a lattice ? G, weak hyperbolicity for type (2) and type (3) actions is equivalent to some simple algebraic conditions which can be easily described as follows.
Weak hyperbolicity condition for type (2) actions: Let N be a simply connected nilpotent Lie group, and a cocompact lattice in N. Let Weak hyperbolicity condition for type (3) actions: Let H be a connected Lie group, a cocompact lattice in H. Let T be an action of G or ? on H= by left translations via a continuous homomorphism (necessarily C 1 ) T : G ! H. Then T is weakly hyperbolic if and only if the centralizer Z H ( T (G)) of T (G) in H is discrete. It is easy to see that the center Z(H) of H is a subgroup of Z H ( T (G)). Hence if Z(H) is not discrete, then T cannot be weakly hyperbolic.
To see this, we note that if we choose a smooth framing on H= obtained by projecting right invariant vector elds on H to H= , then the tangent action induced by T acting on the framing is given by adjoint representation Ad H post-composed with T . It is clear that T is not weakly hyperbolic if and only if the representation Ad H T contains the trivial representation, which in turn implies that the centralizer of T (G) in H has positive dimension.
Recall that two actions 0 and of a locally compact group F on a manifold M are said to be C l -conjugate, if (g) = ?1 0 (g) for a C l -di eomorphism of M for all g 2 F. The C l -di eomorphism is called a C l -conjugacy between the two actions. We say a C r -action 0 of F on a compact manifold M is C r;k;l -locally rigid (r k), if for any C r -action of F on M su ciently C k -close to 0 , is C l -conjugate to 0 . We remark that the index r is used for the di erentiability of the actions, the index k is used for the topology of Di r (M), and the index l is used for the smoothness class of the conjugacies.
We are mainly interested in the cases when (r; k; l) = (1; 1; 1) and (r; k; l) = (1; 1; 0).
For simplicity, we call a C 1 -action C 0 -locally rigid if it is C 1;1;0 -locally rigid, we call a C 1 -action C 1 -locally rigid if it is C 1;1;1 -locally rigid.
We are ready to state the local rigidity result. (2) Let N be a simply connected nilpotent Lie group, and a cocompact lattice in N. Let A be an a ne action of ? on N= . Then T and A are C 0 -and C 1 -locally rigid provided that they are weakly hyperbolic.
The following is a brief summary of earlier local rigidity for higher rank lattice actions and related results. Local rigidity for type (1) actions is established recently for all actions by isometries of nitely generated groups with Kazhdan property T ( Be] for cocompact higher rank lattice actions, Mar] in full generality). Local rigidity results are established for Anosov actions KS] (see also KLZ96], QY-a] and references there for some partial results), and deformation rigidity for actions without compact parts are established for type (2) actions ( H92] for Anosov actions, Q94] in full generality). There is also a local rigidity result for type (3) actions ( QY-b] ). We remark that our theorems cover all earlier local rigidity results for ergodic higher rank lattice actions of type (2) and type (3).
We also have a topological global rigidity result for Anosov actions on nilmanifolds, partially generalizing earlier results on the global rigidity of actions of higher rank lattices (see KL96] and KLZ96]). Other global rigidity results can be found in Q97] and GS]. Theorem 1.3. Let G be the connected component of identity in a semisimple algebraic group such that each (almost) simple factor of G has real rank at least 2. Let ? be a lattice in G. Let N= be a compact nilmanifold, where N is a simply-connected, connected nilpotent Lie group, N a lattice (necessarily cocompact) in N. Let be a C 1 -action of ? on N= such that (1) is Anosov (i.e., there exists 2 ? such that ( ) is an Anosov di eomorphism); (2) has a periodic point (i.e., there exists p 2 N= such that (?)p is a nite set); (3) preserves a probability measure with support N= . Then is C 0 -conjugate to an a ne ?-action on N= .
In the proof of the above theorem, we also have a result of its own interest (Theorem We organize this paper as follows. In x2 we give examples of cocycles: constant cocycles , cocycles A corresponding to perturbation of type (2) actions, and cocycles T corresponding to perturbation of type (3) actions.
In x3, we prove a C 0 -local rigidity theorem for certain constant cocycles. The measurable superrigidity property and the weak hyperbolicity, which allow us to compare certain measurable data with continuous data, are essential for this theorem. Let us note that our proof is partially motivated by the original proofs of Margulis' superrigidity theorem Mar74] and Mostow's strong rigidity theorem Mos73].
In x4, we prove the C 0 -local rigidity for weakly hyperbolic standard actions. It follows from the facts that the standard actions we consider are expansive (a consequence of the weak hyperbolicity), and that the cocycles T and A considered in x2 are C 0 -equivalent to some constant cocycles. To prove the latter, we apply Zimmer's measurable cocycle superrigidity theorem to conclude that T and A have superrigidity property, and then we use Theorem 3.1.
In x5, we obtain C 1 -regularity for the conjugacy, following a procedure outlined by Katok and Spatzier in KS] .
In x6, we obtain C 0 -global rigidity for Anosov actions on nilmanifolds (Theorem 1.3).
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Cocycles: , T and A
Let a group G act on a space X. Let H be a group. An H-valued cocycle is a map : G X ! H satisfying (g 1 g 2 ; x) = (g 1 ; g 2 x) (g 2 ; x): When extra structures exist on X; G and H, | for instance X is a topological space, or measure space, or smooth manifold, G and H are topological groups, Lie groups, | we may consider measurable, continuous, smooth H-valued cocycles.
Recall that two H-cocycles ; : G X ! H are said to be cohomologuous (or equivalent) if there exists a map : X ! H such that (2.1) (g; x) = (gx) ?1 (g; x) (x): We say that and are measurably equivalent when X is a measure space with a probability measure, the action is measurable, is a measurable map, and the equation (2.1) holds for almost every point in X; C 0 -equivalent when X is a topological space, action is continuous, is a C 0 -map, and the equation (2.1) holds for all points in X.
We give some examples of cocycles as follows, the analysis of which leads to the rigidity results stated in x1. If we assume that commutes with the right action of H 0 on H by right translations for a closed subgroup H 0 of H, (2.2) (g)(hh 0 ) = ( (g)h)h 0 : Then can be considered as a G-action on H=H 0 by (g) h] := (g)h]. We claim that (g; hh 0 ) = (g; h) for all g 2 G; h 2 H and h 0 2 H 0 . Indeed, on one hand (g)(hh 0 ) = (g; hh 0 )hh 0 (by (2.1)), on the other hand (g)(hh 0 ) = ( (g)h)h 0 = (g; h)hh 0 (the rst equality by (2.2), the second by (2.1) 
Hence if is su ciently C 0 -close to 0 , then can be lifted to a G-action on H commuting with the right -action on H.
Case 2: G is a compactly generated, path-connected group with nitely generated fundamental group. A standard topological argument shows that for a continuous path f t of homeomorphisms starting at id M on any connected manifold M, there exists a unique continuous pathf t of homeomorphisms starting at idM on any covering spaceM, not necessarily connected, so thatf t covers f t . For any g 2 G considered as a di eomorphism of M := H= , we choose a continuous path g t , 0 t 1 with g 0 = id M and g 1 = g. Let M = H, we lift g t tog t covering g t so thatg 0 = idM . If the endpointg 1 is independent of the choice of the path g t connecting 1 G and g, we de neg =g 1 . It is then easy to see that we obtain an action~ of G onM covering . (We remark that the preceeding argument shows that any action of G on H= can be lifted to a G-action on H if G is a simply connected, path-connected group.) Fix x 2 M. A routine topological argument shows thatg 1 is independent of the choice of the path g t connection 1 G and g, if and only if for any loop l t in G based at 1 G , 0 t 1, the loop l t x in M based at x is projected from a loop inM. If we let i : G ! M be a continuous map de ned by g 7 ! gx, pr :M ! M the standard projection,x 2M any point covering x, then the latter condition is reformulated as i ( 1 (G; 1 G )) pr ( 1 (M;x)): Since the above relation is satis ed for 0 , it is also satis ed for since is a small perturbation and the fundamental group is nitely generated.
By Example 2.2, for both Case 1 and Case 2 there exists a continuous cocycle T :
G H= ! H such that (T1) (g)(x) = T (g; x)x, for all g 2 G; x 2 H= .
By (2.4) and the fact that and 0 are C 0 -close on generating set K, we see that T also satis es the following property:
(T2) T (g; x) are uniformly C 0 -close to 0 (g; x) for all g 2 K; x 2 H= . For any closed subgroup G Aut(H) with (G) G , we form semidirect product G n H. Then (G)n is a closed subgroup of G n H. We identify H= with a subspace We calim that the F ? -action gives rise to a ?-action. Indeed, let f 2 ker(p) F ? . Theñ (f) covers the trivial homeomorphism id N= . Hence~ (f)n = n (f; n) for some continuous (f; n) 2 . Since is discrete, (f; n) is independen of n. Hence (f; n) = (f;q). Since F ? xesq, (f;q) = 1 . Hence~ (f)n = n. Therefore,~ is acturally a ?-action. We remark that if ? is a higher rank lattice (as in Theorem 1.2 and Theorem 1.3), then the Zariski closure G of (?) in the algebraic group Aut(N) is semisimple ( Mar91, Proposition IX.5.7] We will x for each a choice for the algebraic hull L of and an L-valued cocycle equivalent to .) Then the cocycle over lifts to a cocycle (still denoted by ) over^ and the algebraic hull of over^ is L 0 ( Z84, 9.2.6]).
Here are some standard de nitions and facts. An element in GL(n; R) is called semisimple if it is diagonalizable over complex numbers C , unipotent if all its eigenvalues are 1.
The Jordan normal form for elements of GL(n; R) implies: Given g 2 GL(n; R), there exist unique semisimple element s and unique unipotent element u, such that g = su = us. We call s and u semisimple part of g and unipotent part of g, respectively. Let s be a semisimple element in GL(n; R). By suitably pairing the eigenspaces of s over complex numbers, one can nd the unique pair of semisimple elements p and k in GL(n; R) such that s = pk = kp and all eigenvalues of p are positive and all eigenvalues of k have modulus 1. We call p the polar part of s.
For any set H 0 GL(n; R), we de ne S(H 0 ) and P(H 0 ):
S(H 0 ) = fh 2 H 0 : h is a semisimple element in GL(n; R)g; P(H 0 ) = fh 2 GL(n; R) : h is the polar part for some element in S(H 0 )g:
We note that S(H 0 ) is a subset of H 0 , P(H 0 ) may or may not be a subset of H 0 .
Let H GL(n; R). We say that a homomorphism : G ! H is polar if the Zariski closure of the group generated by P( (G)) contains (G). Let M H be an algebraic subgroup. Let be a measurable action of G on a measure space X preserving an ergodic probability measure , an H-valued measurable cocycle over . We say that (G; H; M) has superrigidity property for ( ; ; ) if there exists a nite set of continuous homomorphisms from G to H,
(1) pol ( 0 ) is generated by P(^ (G)), c( 0 ) centralizes pol( 0 ) and normalizes M,
(2) for every g 2 G,^ (g) = pol(^ (g))c(^ (g)) with pol(^ (g)) 2 pol( 0 ) and c(^ (g)) 2
c ( 0 ), (3) the following equation holds:
For a G-action preserving an invariant probability measure , we say that (G; H; M) has superrigidity property for ( ; ; ) if for each ergodic component i of , (G; H; M) has superrigidity property for ( ; ; i ).
Unless otherwise speci ed, for the rest of this section we let G be a compactly generated topological group, with compact generating set Y ; H be the connected component of identity in a real algebraic subgroup in GL(n; R) for some n, h the Lie algebra of H; M H be an algebraic subgroup; 0 : G ! H a continuous homomorphism;
X be a compact metrizable space; 0 ; be continuous actions of G on X;
: G X ! H be a continuous cocycle; ^ ,X be as in preceding discussion when is ergodic with respect to a probability measure with support X.
Theorem 3.1. Consider the class of all triples ( ; ; ) for which (G; H; M) has superrigidity property, where is a probability measure with supp( ) = X, is a continuous G-action on X preserving , and is a continuous cocycle over . Assume
where Z H (P( 0 (G))) is the centeralizer of P( 0 (G)); (2) Throughout this section, we choose groups G; H; M, G-action on X, probability measure and cocycle over such that (G; H; M) has superrigidity property for ( ; ; ), and we assume (1)-(3) in Theorem 3.1 are satis ed unless otherwise speci ed. But for the most part, we do not require the support of being X.
The theorem follows from Lemmas 3.2-3.6. The central point is to compare the measurable information deduced from the superrigidity property and the C 0 -information obtained from the hyperbolicity of the elements of the actions.
Let 2 and let C( ) be the set of continuous cocycles such that the equation (3.1) holds for^ = and some measurable , k. It is easily seen that if for any 2 the theorem holds for pairs ( ; ) with cocycles 2 C( ), then it holds in general. So without loss of generality, we will x a 2 and assume that the cocycles are in C( ).
Lemma 3.2. Let 1 : G ! H be a continuous polar homomorphism. Then there exist a nite number of elements g 1 ; : : : ; g k 0 2 G, such that 1 (g 1 ); : : : ; 1 (g k 0 ) are semisimple elements in H and Z H (P( 1 (G))) = fh 2 H : h commutes with the polar parts of 1 (g 1 ); : : : ; 1 (g k 0 )g:
Proof. We note that Z H (P( 1 (G))) = \ h2P( 1 (G)) Z H (h), where Z H (h) is the centralizer of h in H. Since for all h 2 H Z H (h) are Zariski closed, and H is Noetherian in Zariski topology. Therefore there exist nite number of elements h 1 ; : : : ; h k 0 2 P( 1 (G)) such that Z H (P( 1 (G))) = \ 1 i k 0 Z H (h i ): Let g i 2 G be such that i (g i ) is semisimple and h i is the polar part of 1 (g i ). Then our result follows.
As a corollary of this lemma, we have that (ii) there exist g k 1 +1 ; : : : ; g k 2 G such that (g i ) are semisimple, and h 2 Z H (P( (G))) if and only if h commutes with the polar parts of (g i ) for all i = k 1 + 1; : : : ; k.
We will x g 1 ; : : : ; g k for the rest of the section. We recall a simple construction. For any action and any H-valued cocycle over , and induce an action d of G on the trivial bundle X h, g(x; v) = ( (g)x; Ad H ( (g; x))v).
For simplicity, we denote Ad H (h)v by hv for h 2 H and v 2 h.
Recall that for a linear map A : R n ! R n , R n is the direct sum of invariant subspaces This follows from the stability of invariant distributions for partially hyperbolic bundle maps, which may be seen from the proofs of P73, Theorem 1 and Lemma 1, p. 214], by replacing tangent bundle with the bundle X h. We note that F can be lifted to a map F : X L=L 0 ! V; (x; l]) 7 ! F(x). Now we take G-action on X, probability measure and cocycle over such that (G; H; M) has superrigidity property for ( ; ; ). For a moment let us assume that is ergodic. Let L be the algebraic hull of over .
When considering as a cocycle over action^ of G on X L=L 0 , we obtain an induced action d ^ of G on the trivial bundle (X L=L 0 ) h, g(x; l]; v) = (^ (g)(x; l]); (g; x)v).
We turn our attention to . Let Ad H ( (g i )) have characteristic numbers fa i 1 ; : : : ; a i s 0 i g, and letĥ i j be characteristic subspaces corresponding to a i j . For any element h 2 H centralizing P( (G)), it is easy to see that h keepsĥ i j invariant. Since (G; H; M) has superrigidity property for ( ; ), (g; x) = (^ (g)(x; l])) (g)k(g; x; l]) (x; l]) ?1 . Therefore (x; l])ĥ i j are measurable subbundles of (X L=L 0 ) h invariant under d ^ (g i ). A simple dynamics argument concerning the Lyapunov exponents shows that for each i and j, after possible rearrangement of the indices for j, (x; l])ĥ i j = F i j (x) (compare the proof for QZ97, Theorem A]). We summarize the discussion in the following lemma. We remark that H acts algebraically on the Grassmannian of n-planes in h, hence it acts algebraically on V . We also note that the center Z(H) of H is nite, and pol( 0 ) is the group in H generated by P( 0 (G)). We let pol( ) be the group in H generated by P( (G)).
Lemma 3.5. Denote by H F 0 and HF 0 the stabilizers of F 0 2 V andF 0 2 V respectively.
Then following statements hold.
(1) The commutator groups H F 0 ; pol ( 0 ) (1), we obtain hph ?1 p ?1 = 1 H . Hence h 2 Z H (P( 0 (G))). By the assumption in Theorem 3.1 (1), the connected group C belongs to a nite group Z H (P( 0 (G))) \ M. Hence C is trivial.
(3) Let m be the Lie algebra of M. Since H F 0 \ M is nite, there exists r > 0 such that exp(tw)(F 0 ) 6 = F 0 for all w 2 m with kwk = 1 and t 2 (0; r). Now by compactness argument, there exists a neighborhood U of F 0 in V such that exp(tw)u 6 = u for all w 2 m with kwk = 1, u 2 U and t 2 r=3; 2r=3]. For such u and w, exp(tw)u 6 = u for any t 2 (0; r=3) as well (otherwise exp(t 0 w)u = u for some integral multiple t 0 of t, and t 2 r=3; 2r=3]). Therefore, H u \ M is discrete for all u 2 U. But H u \ M is an algebraic subgroup of H. Hence H u \ M is nite.
We remark that it is clear that Z H (P( 0 (G))) and Z H (P( (G))) are contained in the stabilizers of F 0 andF 0 respectively. Lemma 3.6. Let ( ; ) be su ciently C 0 -close to ( 0 ; 0 ) (i.e., and are su ciently C 0 -close to 0 and 0 respectively). Let (G; H; M) have superrigidity property for ( ; ; ) with being an invariant ergodic measure. Then (1)). Then it is clear that F(x) = 2 MF 0 . This contradicts the equation (3.2): (3.2) implies that F(x) 2 MF 0 for x 2 supp( ).
(2) In view of (1) and (3.2), F(x) 2 MF 0 . But by Lemma 3.3 (1), F(x) is C 0 -close to F 0 . Now it remains to notice that since H F 0 \ M is nite and MF 0 is locally closed, the natural map h 7 ! hF 0 is a local homeomorphism of M onto MF 0 .
Proof of Theorem 3.1. Let ( ; ) be su ciently C 0 -close to ( 0 ; 0 ). Let (G; H; M) have superrigidity property for ( ; ; ), where is an invariant probability measure with supp( ) = X. Let f i g i2I be ergodic components of . Let X i be the support of i . Then X i are -invariant closed subsets of X. By Lemma 3.6 (2), there exists a continuous map f i : X i ! M, such that F(x) = f i (x)F 0 for each i 2 I and x in the support X i . Note that for i; i 0 2 I, f i (x) = f i 0 (x) for all x 2 X i \ X i 0 , since f i and f i 0 are close to 1 H and H F 0 \ M is nite. Since supp( ) = X, i2I X i = X. Therefore, there exists a continuous map f : X ! M C 0 -close to 1 H such that F(x) = f(x)F 0 for all x 2 X. 
where pol( i (g)) 2 pol( i ) and c( i (g)) 2 c( i ). Note that pol( i ) is generated by P( i (G)), c( i ) centralizes pol( i ) and normalizes M.
For any g 2 G, there exists z(g; x; l]) 2 Z(H) such that
by Lemma 3.5 (1). Hence
Therefore, we obtain i takes values in a nite set. Note that for each g in a compact generating set, k 0 i (g; x; l]) is uniformly C 0 -close to a constant since all other terms involved are. Therefore, k 0 is independent of x. Hence k 0 i is a homomorphism from G ! H centralizing i (g). Consequently, is contained in A). Let G i be the group of di eomorphisms generated by smooth vector elds tangent to E i , then A is G i invariant for all i = 1; : : : ; k. In particular, the set of density points are preserved by G i actions. Since the tangent bundle TX of X is the sum of E i , the group generated by G i acts transitively on X. Therefore, the set of density points, preserved by all G i , is X. Hence A = X modulo null sets.
We have the following result for C 1 -perturbation of 0 .
Lemma 4.2. ( S94] ) If is a C 1 -action su ciently C 1 -close to 0 , then preserves an absolutely continuous measure with support X. In fact, the result holds for the perturbation of volume preserving, Kazhdan group actions on a compact manifold.
Let be an invariant measure for the action with supp( ) = X. Let f i g i2I be ergodic components of . Let X i be the support of i . Then X i are -invariant closed subsets of X. is a lattice inG. LetB = pr ?1 (B). It is clear that a B-action on X induces aB-action on X. It is clear that if the conclusion of the corollary holds for theB-action, then it holds for the B-action. Therefore, we may assume that G is algebraically simply connected without loss of generality.
Lemma 4.3 shows that (B; R; R) has superrigidity property for ( ; ; ). To prove the theorem, it su ces to verify (1-3) in Theorem 3.1. Since (2) follows from Selberg-Weil local rigidity theorem (see W64]), and (3) follows from the niteness of Z R ( 0 (B)), we only need to verify (1).
Note that B is either ? or G. Therefore, to verify (C1) it is su cient to show the following statement (S):
(S) For every continuous homomorphism : G ! R, the Zariski closure of the group generated by the set of polar part P( (?)) of semisimple elements of (?) contains (G). Proof of the Statement (S). Note the set S(?) of semisimple elements of ? is Zariski dense in G PR72], therefore, the Zariski closure of S( (?)) contains (G). We claim that P( (?) Consequently, the Zariski closure Z of the group generated by P( (?)) is invariant under the conjugation of elements h 2 (?), hence is invariant under the conjugation of elements h in the Zariski closure of (?) which contains (G). Therefore, Z \ (G) is a normal subgroup of (G). We note that there exists element h 2 P( (?)) such that the in nite cyclic group fh n g n2Z in P( (?)) projects to a non-compact subgroup in each simple factor of semisimple group (G). Therefore, Z \ (G) = (G). This proves statement (S). To show that f is also one-to-one if is su ciently C 1 -close to 0 , we recall a notion of expansiveness for a group action. A B-action on a metric space X is said to be c 0 -expansive for some c 0 > 0, if for any pair of distinct points x; y 2 M, there exists g 2 G (or ?) such that d( (g)x; (g)y) > c 0 . It is not di cult to see that weakly hyperbolic standard actions 0 are c 0 -expansive for some c 0 > 0 (c 0 may depend on 0 ). Moreover, the expansiveness persists under C 1 -perturbations to weakly hyperbolic standard actions: for actions su ciently C 1 -close to the above weakly hyperbolic action 0 , is c 0 =2-expansive. We remark, however, that for C 0 -perturbations , may or may not be expansive.
Let T be c 0 -expansive for some c 0 > 0. Since the action is c 0 =2-expensive for su ciently C 1 -close to 0 , for any y; z 2 H= with y 6 = z, supfd( (g)y; (g)z); g 2 Bg c 0 =2. If is su ciently C 0 -close to 0 such that d(f(x); x) < c 0 =4 for all x 2 H= , then The following lemma asserts that the expansiveness of the actions mentioned in the proof above implies that the centralizers of the actions are discrete. (2) h centralizes (i.e., h (g) = (g) h for all g 2 F).
Then h = id X .
Proof. If h 6 = id X , then there exists x 2 X such that h(x) 6 = x. By the c 0 -expansiveness of , there exists g 2
The last inequality contradicts (1). We need another simple lemma before we prove the local rigidity of A .
Lemma 4.6. Let F and L be groups and A a subgroup of Aut (L) . Let X be a set. Let : F X ! A n L be a cocycle over an F-action on X. Assume (1) the rst component of (g; x) is (g) for a homomorphism : F ! A; (2) is cohomologuous to a cocycle taking values in A n f1 L g, i.e., there exists a map : X ! A n L such that (g; x) = (gx) (g; x) (x) ?1 2 A n f1 L g for all g 2 F and x 2 X. Then there exists a map 0 : X ! f1 A g n L, such that 0 (gx) (g; x) 0 (x) ?1 = ( (g); 1 L ). Proof. By (1), (g; x) = ( (g); l(g; x)) for a map l(g; x) 2 L. By (2), (g; x) = (a(g; x); 1 L ) for a map a(g; x) 2 A. Let (x) = ( (x); (x)) for (x) 2 A and (x) 2 L. Then (2) Since left hand side of the above equation is equal to ( (g); 1 L ) by the equation (4.5), our result follows by letting 0 (x) = (1 A ; (x)).
We remark that the lemma has several variations. For one variation, if F; A and L are topological groups, X is a topological space, the F-action on X is continuous, the A-action on L (by automorphisms) is continuous, is continuous, then 0 is also continuous. For another variation, we consider measurable category so that all equality involved in Lemma 4.5 are in measurable sense. Then if is measurable, then so is 0 . Proof of C 0 -local rigidity of A . Let A be a weakly hyperbolic a ne action of higher rank lattice ? on nilmanifolds N= . Note that the periodic points are dense in N= ( Corollary 3, H93] We shall prove the C 0 -local rigidity of the a ne action A in two steps. The rst step is to show that A j ? is C 0 -locally rigid. The second step is to show that once A j ? is C 0 -locally rigid, then the a ne action A itself is C 0 -locally rigid.
Step 1: The C 0 -local rigidity of A j ? .
The group ? is again a lattice in G. It is well-known that any lattice in a connected Lie group is nitely presented. Since G acts on N by automorphisms, we may form a semidirect product G n N. We identify N= with ( A (? ) n N)=( A (? ) n ).
Let be a C 1 -action of ? on N= C 1 -close to A . Then preserves a probability measure with support N= ( We note that the rst component of A ( ; n]) is equal to A ( ) by the equation (2.6). We consider A as a G n N-valued cocycle. Now we will show that (? ; G n N; f1gnN) has superrigidity properties for ( ; A ; ).
Indeed, let i be an ergodic component of . Let L be the algebraic hull of A over with respect to ergodic probability measure i . Let be a cocycle over taking values in L, which is equivalent to cocycle A . Let L 0 be the Zariski connected component of L containing 1 H . Let^ be an action of G onX := N= L=L 0 ,^ (g)(x; l]) = ( (g)x; (g; x)l]). Then^ is ergodic with respect to the product measure of i with the counting measure on L=L 0 . Then the cocycle over lifts to a cocycle (still denoted by ) over^ and the algebraic hull of over^ is L 0 ( Z84, 9.2.6]). Since L 0 G n N is reductive ( L] ) and G is semisimple, we may assume L 0 G . By Lemma 4.6, there exists a measurable map :X ! f1g n N such that (3.1) holds. Therefore, it is easy to check that (? ; G n N; f1g n N) has superrigidity properties for ( ; A ; ).
Next we want to verify the conditions (1)-(3) of Theorem 3.1. It is also clear that the centralizer Z G nN ( A (?)nf1 N g) is discrete (hence nite) under the condition that A does not contain trivial representation. In particular, (3) is satis ed. Since A does not contain orthogonal representation, it follows that Z G nN (P( A (?) n f1 N g)) \ f1 n Ng is nite.
Hence (1) for all 2 ? and n 2 N. Since ( A (? ) n N)=( A (? ) n ) is identi ed with N= , and is C 0 -close to id N= , the same argument as in the proof of C 0 -local rigidity of T shows that is a homeomorphism for su ciently C 1 -close to A . Therefore, j ? is conjugate to A j ? by a homeomorphism of N= C 0 -close to id N= .
Step 2: The C 0 -local rigidity of A j ? implies the C 0 -local rigidity of A .
Since A j ? is C 0 -locally rigid, for any ?-action C 1 -close to A on generators, there exists a homeomorphism : N= ! N= C 0 -close to id N= such that ?1 ( ) = A ( ) for all 2 ? . Since is C 0 -close to id N= , the ?-action 0 ( ) := ?1 ( ) is C 0 -close to A for in a nite set of generators. 5. C 1 -local rigidity of T and A In this section, we will assume that G; ?; H; N; are as in Theorem 1.2. Since G contains a lattice by a result of Borel's (see R72, Theorem 14.1]), to deduce C 1 -local rigidity from C 0 -local rigidity it is enough to only consider ?-actions. Hence we assume that T is a ?-action on H= by left translations via a homomorphism T : ? ! H which extends to a homomorphism T : G ! H. Also we note that there exists a subgroup ? ? of nite index, such that A j ? is a ? -action on N= by automorphisms. Without loss of generality, we assume that A is a ?-action by automorphisms via a homomorphism A : ? ! Aut(N= ).
For simplicity, we denote by 0 the ?-action T or A as above. Let be a continuous action C 0 -conjugate to 0 by a homeomorphism . When is C 1 and is C 1 -close to 0 , we will show that is also C 1 by an argument similar to that used in KS, Steps 4 and 5 of x2.2.3]. We will give an outline of the proof in the end of x5.1.
Preliminaries and an outline of the proof.
Let G i be the (almost) simple factors of G, r i 2 the real ranks of G i , i = 1; : : : ; k: Let r = r 1 + + r k . Then there exists a connected r-dimensional R-split abelian group S = Q k i=1 S i G with S i G i , dim(S i ) = r i 2. Let us called S a maximal R-split torus of G. As a Lie group S is isomorphic to an r-dimensional real vector space. Let : S ! R be a non-trivial continuous linear functional, then ker ( ) is an (r ?1)-dimensional vector subspace.
Lemma 5.1. Let G act on a measure space X preserving an ergodic probability measure . Then for a maximal R-split torus S G and a continuous linear functional : S ! R, there exists an element c ;S 2 S such that (c ;S ) = 0 and c ;S acts ergodically on X. Proof. Since dim(S i ) 2 for all i, there exists c ;S 2 ker ( ) such that the image of the projection of fc n ;S g 1 n=?1 into G i is a noncompact subgroup of G i . Our lemma follows from Moore's ergodicity theorem Mo66].
We identify Lie algebra h (respectively n) with the vector space Q of all right invariant vector elds of H (respectively N). Note that any right invariant vector eld on H (respectively N) gives rise to a vector eld on H= (respectively N= ). It is clear that the dimension of Q is equal to that of H (respectively N), and any a ne di eomorphism on H= (respectively N= ) induces an automorphism of Q. It follows that the tangent action D T of ? corresponds to the adjoint representation Ad H T of ? on h, and the tangent action D A of ? corresponds to the homomorphism A : ? ! Aut(h) = Aut(N).
We let = Ad H T in the rst case, and = A in the second. We let V ( ) be the representation space of .
Let S be a (connected) maximal R-split torus. Then there exists a maximal torus T G (a maximal abelian subgroup T of G diagonalizable over C ), such that S T. By PR72] , there exists an element g 0 2 G, such that g ?1 0 Tg 0 \ ? is cocompact in g ?1 0 Tg 0 . Without loss of generality, we assume that g 0 = 1 G .
For g 2 T \?, de ne the Lyapunov exponents (g) as the log's of the absolute values of the eigenvalues of (g). We get homomorphisms : D ! R which extend to : T ! R.
Let us call such weights for ( ; T). There is a decomposition of the representation space V ( ) into weight spaces E of weights for ( ; T), V ( ) = E . Corresponding to the decomposition there is a splitting of the tangent bundle of M = H= (or M = N= ) into D 0 (T \ ?)-invariant subbundles TM = (M E ). It is clear that the Lyapunov exponent of (x; v) with v 2 E with respect to 0 (g) is given by (g) for all g 2 T \?. We call M E a Lyapunov distribution for the (T \ ?)-action 0 j T\? . 
Proof. We rst reduce the problem to an algebraic one. We note that the representation space V ( ) is the Lie algebra h (or n). The tangent bundle of M = H= ( V 0 exists since all nite dimensional representations of higher rank lattices are completely reducible. We note that for each 2 T \ ?, all eigenvalues of ( )j V 0 have absolute value 1. In other words, all weights for ( j V 0; T) are trivial.
We claim that : ? ! Aut(V 0 ) is an orthogonal representation. Otherwise, there exists a non-trivial irreducible invariant subspace V 0 0 V 0 such that the restriction 0 to V 0 0 of the representation extends to a homomorphism from G to GL(V 0 0 ) by Margulis' superrigidity theorem (up to a compact group K commuting with 0 (?)). Then from standard representation theory for semisimple Lie groups, we obtain that there are nontrivial weights for ( 0 ; T). This is contrary to the conclusion of the preceeding paragraph.
Therefore, V 0 = 0 since does not contain othorgonal representation by weak hyperbolicity.
Fix a non-trivial weight 0 for ( ; T). Then a n i )(x); 0 (a n i )(y)) ! 0 as n ! +1, and (2) y 2 W ? 0 ] (x) if and only if for all a i , i = 1; : : : ; q, d( 0 (a n i )(x); 0 (a n i )(y)) ! 0 as n ! +1. We will present a result which implies that the foliation W ? 0 ] persists for certain special perturbation actions. To formulate the result, we introduce the notion of s-transversality (s stands for special) and -perturbation for two immersed smooth submanifolds. Let M be a smooth Riemannian manifold, M 1 ; M 2 two immersed smooth submanifolds. We say that M 1 and M 2 intersect s-transversely if M 1 \M 2 is homeomorphic to a manifold N with dimension dim(TM 1 (x)\TM 2 (x)) for all x 2 M 1 \M 2 and independent of x 2 M 1 \M 2 . Let > 0. We say that a pair (M 0 1 ; M 0 2 ) of immersed smooth submanifolds is an -perturbation of (M 1 ; M 2 ), if Proof.
(1) Since the problem is a local one, we may assume that M = R n and we only have to show that for each x 2 M 1 \ M 2 , there exists a neighborhood U in M 1 \ M 2 of x, such that U is a smooth manifold. Consider TM 1 (x) TM 2 (x) as vector space in R n . Translate this vector subspace by x. Then we obtain an a ne space V (x) through x. The tangent space of V (x) at x is TM 1 (x) TM 2 (x). Take small neighborhoods U i of x in M i , i = 1; 2 such that the orthogonal projection p i : U i ! V (x) is a smooth embedding. It is clear that the tangent map at x Tp i (x) : TU 1 (x) ! TV (x) is the inclusion map. Hence as submanifolds of V (x), p 1 (U 1 ) and p 2 (U 2 ) intersect transversely at x. Since U 1 and U 2 are small neighborhood, p 1 (U 1 ) and p 2 (U 2 ) intersect transversely (as submanifolds of V (x)) at any intersection point. Hence p 1 (U 1 ) \ p 2 (U 2 ) is a smooth submanifold N 0 , the dimension of which is the same as that of N.
Since p 1 is a smooth embedding, it maps U 1 \ U 2 M 1 injectively into N 0 . Since both U 1 \ U 2 and N 0 has the same dimension dim(TM 1 (x) \ TM 2 (x)), p 1 : U 1 \ U 2 ! N 0 is a local homeomorphism. Shrinking the size of U 1 \ U 2 if necessary, we see that U 1 \ U 2 is di eomorphic to an open subset of N 0 by p 1 .
(2) Let U 0 i be the image of U i under h. Then as submanifolds of V (x), the othorgonal projection of U 0 1 and U 0 2 to V (x) intersect transversely. By the same argument as used in the proof of (1), we conclude that U 0 1 \U 0 2 is a smooth manifold with dimension dim(TM 1 (x)\ TM 2 (x)).
We brie y recall a notion concerning the regularity of continuous foliations. We denote by D k the unit disk in R k for k 1, and denote by Emb r (D k ; M) the set of all C rembeddings from D k into M for r 1. We endow Emb r (D k ; M) with the C r -topology. y) is continuous in C r -topology. Let F 1 and F 2 be two foliations of M with C 1 -leaves varying continuously in C 1 -topology. We say that F 1 and F 2 intersect s-transversely if for each x 2 M, the leaves F 1 (x) and F 2 (x) intersect s-transversely. It is easy to verify that the intersection of F 1 and F 2 is a foliation with C 1 -leaves varying continuously in C 1 -topology.
Remark 5.6. We remark that Lemma 5.5 can be modi ed so that the conclusion still hold when M 1 and M 2 are replaced by two foliations F 1 and F 2 of M with C 1 -leaves varying continuously in C 1 -topology.
We may also de ne the s-transversality for several manifolds. We say an ordered set of immersed smooth submanifolds M 1 ; : : : ; M k intersect s-transversely if the smooth manifold Proof. (1) Forx;ỹ 2W ? a j , d( (a n j )(x); (a n j )(ỹ)) ! 0 as n ! +1. Note that (a n j ) = 0 (a n j ) . If we let x = (x), y = (ỹ), then it is easy to see that d( 0 (a n j )(x); 0 (a n j )(y)) ! To prove the C 1 -local rigidity, it remains to prove Theorem 5.8. To make notation simpler, we rename ?1 by ; in other words, we will assume throughout the rest of the section 0 ( ) = ( ) :
We remark that the central point is to show that there are two systems of smooth transitive group actions on the leaves of W ? 0 ] andW ? 0 ] respectively, which are conjugate by . The smoothness of one system of group actions is easily seen, while the other is smooth by an application of Guysinsky's and Katok's non-stationary generalization of classical normal form theory which we will explain in x5.2.
Normal form theory.
We give a brief summary of Guysinsky's and Katok's normal form theory suitable for our application. All proofs can be found in GK] . We remark that some de nitions are slightly di erent from those in GK], although not at all essential.
Consider a continuous extension F of a homeomorphism f on a compact connected metric space X to a neighborhood of the zero section of a nite dimensional vector bundle V over X which is smooth along the bers and preserves the zero section. Let F = dF 0 where the derivative is taken at the zero section in the ber direction. Fix a continuous family of Riemannian metrics on the bers of V . Consider the induced operator F on the Banach space of continuous sections of the bundle V endowed with the uniform norm given by F v(x) = F(v(f ?1 (x)). Consider a nite set of disjoint intervals i = i ; i ] on the negative half-line with i+1 > i . Assume that the bundle V splits into the direct sum of F{invariant subbundles V 1 ; : : : ; V l such that the spectrum of the restriction Fj V i i ; i = 1; : : : ; l. Call the extension F a contraction if F = DF 0 is a contraction with respect to the continuous family of Riemannian metrics in the bers. This is equivalent to l < 0.
Call F has narrow band spectrum, if i + l < i for all i = 1; : : : ; l. Call two extensions conjugate if there exists a continuous family of local C 1 di eomorphisms of the bers V (x), preserving the origin which transforms one extension into the other. The following two theorems on normal forms and centralizers are due to Guysinsky and Katok. We remark that to avoid unnecessary de nitions, we did not state the theorems in their full generality. But they are su cient for our application.
Theorem 5.10. Suppose the extension F is a contraction and the linear extension DF 0 has a narrow band spectrum determined by the vectors = ( 1 ; : : : ; l ) and = ( 1 ; : : : ; l ).
Then
(1) there exists a nite dimensional Lie group G ; such that it is a subset of all polynomials of degree d from R m ! R m for some d < 1; (2) There exists an extensionF equivalent to F such that for every x 2 X,
is an element of the group G ; . Theorem 5.11. Suppose g is a homeomorphism of space X commuting with f andG is an extension of g by C 1 {di eomorphisms of the bers (not necessarily contractions) commuting with an extensionF satisfying the assertion of Theorem 1.1. ThenG has a similar form:
is also a polynomial map of degree at most d. ] , has continuous partial derivatives (of all orders) in the direction of leaves.
We remark that the theorem of Bochner and Montgomery we mentioned above can be modi ed, with essentially the same proof, as follows. Let a Lie group Q act continuously on smooth manifold M 1 N 1 , so that for all g 2 Q, g(M 1 fng) = M 1 fng. Let all the derivatives of every g 2 Q in the direction of M 1 be continuous. Then Q acts on M 1 fng smoothly for every n 2 N 1 , moreover, all the derivatives Dg(x) for g 2 Q in the direction of M 1 are continuous as maps on Q M 1 N 1 . Note that locally, foliation W ?
] has a foliation chart of the type M 1 N 1 where M 1 ; N 1 are unit disks. Moreover, the chart map is smooth in the direction of leaves with continuous derivatives of all orders (in fact smooth). Therefore, by (S3-S4) and the modi ed theorem of Bochner and Montgomery, we obtain that is smooth on every leaves with continuous derivatives of all orders in the direction of leaves.
We now establish the existence of actions of certain Lie group on M 0 with properties (S1){(S4 ] . We introduce a metric on H= . First we x an inner product on h, and then use right translation to get a right invariant metric on H. The metric gives rise to a metric on H= . We identify h with the space of right invariant vector elds. Then TH= = H= h under this identi cation. Since c t acts ergodically on H= , the orbit f 0 (c t )xg t2R is dense in H= for a.e. point x. Fix such an x. Given any y 2 W ? ] (x), there is a sequence t n such that lim n!1 0 (c t n )(x) = y. We may assume moreover, that the sequence of isometries
L (x) which takes x to y. Let x be the group generated by all such limits . . By the construction of natural extension, we obtain for foliationW ?
] an extension of (T \?)-actions. It is clear that for an element s 2 T \ ? such that (s) < 0, the natural extension of f = (s) is a contraction and has narrow band spectrum as long as the perturbation is su ciently C 1 -close to 0 . Therefore, the natural extension of f can be written as polynomial of bounded degree (degree at most d for some xed d by Theorem 5.10) for a suitable continuous choice of C 1 -coordinate systems on the bers. Note that (g i ) commute with (s). By Theorem 5.11, for the choice of C 1 -coordinate systems on the bers, the natural extensions of (g i ) can also be written as polynomials of bounded degree (at most d). Note that by (A) the natural extensions of (g i ) = 0 (g i ) ?1 converges in C 0 -topology to a continuous map~ x 0 y 0 = xy ?1 , they must converges to a map C 1 in the direction of bers. This in particular shows that 0 (g i ) follows. This completes the veri cation of (S3) for Case 1. Since (S1{S4) are veri ed, we conclude that is C 1 in Case 1.
Case 2: M = N= . In this case 0 = A is the ?-action on compact nilmanifold N= by automorphisms via := A . A major di erence between Case 1 and Case 2 is that for the latter, the weakly mixing property does not hold. In fact, there may or may not exist ergodic element. We need a di erent method to verify (S3). We will follow a standard procedure established in KS, x2.3.2] . ] with continuous partial derivatives of all order in the direction of the leaves. Therefore, using similar argument as in Case 1, we see that to show the smoothness of , it is su cient to prove (S3 0 ) for all 2 in , the conjugation~ : in (F in ] xU in ) ! in (F in ] Proof. To avoid repetition, we only sketch a proof of the lemma. Let us assume (S3 00 ). ] . With respect to this choice of C 1 -coordinate systems on the bers, the natural extension of the restriction of~ to the leaf ofW ?
] can be written as polynomial of bounded degree d also, since they are the limit of di eomorphisms commuting with in (s). By the same argument in Case 1, we conclude that that the derivatives of~ in the direction of leaves are continuous functions of the coe cients of the polynomials, which must be continuous.
We will follow KS, x2.3.2] to establish (S3 00 ).
Note that X A = (T n N)=(L n ) is a solvmanifold, and the T-action in A on X A is by left translations (T = T n f1 N g). We now apply the results of Brezin and Moore on ergodicity of homogeneous ows which we will now recall brie y. Call a solvable Lie group Euclidean if it is an extension of a vector group by a compact abelian group. A solvmanifold is called Euclidean if it is the quotient of a Euclidean group by a closed subgroup. For a general compact solvmanifold, Brezin and Moore show that there always exists a maximal quotient which is Euclidean. Moreover, this quotient is unique and is called the maximal Euclidean quotient. They further show that a homogeneous ow on a solvmanifold is ergodic if the quotient ow on the maximal Euclidean quotient is ergodic BM81, Theorem 6.1].
We rst construct a Euclidean quotient of X A as follows. Let S T be the maximal R-split torus in T. Let i , i = 1; : : : ; p, be all non-trivial weights for : S ! Aut(n), where n is the Lie algebra of N. Let n be the Lie subalgebra of n generated by weight spaces corresponding to all i , i = 1; : : : ; p. Then n is an ideal of n. Let n e be the Lie subalgebra of n generated by n and n; n]. Then again n e is an ideal. Moreover, n e is de ned over Q. Let N e = exp(n e ). Then N e is a normal subgroup of N de ned over Q. In particular, N e \ is cocompact in N e . Now it is easy to see that S n N=N e is a vector group, and hence T n N=N e is an extension of a vector group by a compact abelian group. In other words, T n N=N e is a Euclidean solvable Lie group. Therefore, (T n N)=N e (L n ) is a Euclidean quotient of X A .
Lemma 5.17. (T n N)=N e (L n ) is the maximal Euclidean quotient of X A .
Assume the lemma. Let be an ergodic component of the quotient action on (T n N)=N e (L n ) of fc t g t2R 2 S T. Then the preimage of in X A is a solvmanifold X 0 . By Brezin's and Moore's theorem, the ow on X 0 is also ergodic. Therefore, all ergodic components of the action of fc t g t2R on X A are preimages of certain subsets of the quotient, and in particular contain the whole leaves of strong stable foliation for c t . This concludes the proof of S3 00 . Proof of Lemma 5.17. For convenience, let = T n N and = N e (L n We rst show that 0 0 is a normal subgroup of . Indeed, let T = C R r where C is a compact torus. LetT = R r 0 R r be the universal covering of T, acting on N via the projection to T. Then Now we show that 0 0 must be equal to N e . Since 0 0 contains N; N], we may assume that N is a vector group. Suppose that 0 0 is strictly contained in N e . Then N= 0 0 is a vector group with dimension larger than the 0-weight space W 0 for of R-split group S. Let V 0 be the projection of W 0 to N= 0 0 . Note that S n W 0 is an abelian group and hence S n V 0 is in the nil-radical of T (N= 0 0 ). A simply exercise shows that S n V 0 is the maximal abelian vector group in T n (N= 0 0 ) (in fact inT n (N= 0 0 )). By BM81, Lemma 3.1 and its preceding paragraph], we conclude that S n V 0 is the nil-radical. Hence V 0 = N= 0 0 , or equivalently, 0 0 = N e .
This concludes the proof of Lemma 5.17.
Global rigidity of Anosov actions on nilmanifolds
Through out this section, we assume that ? is a higher rank lattice as in Theorem 1.3. Since ? lifts to a lattice in the algebraically simply connected cover of G, to prove Theorem 1.3 it is su cient to assume that G is algebraically simply connected. We also assume that N; are as in Theorem 1.3, and is a ?-action on N= with a periodic point p 2 N= .
We assume that is a -invariant probability measure with support N= . Except for Theorem 6.7, is not required to be Anosov. We divide the proof of Theorem 1.3 into two steps. The rst step is to prove that j ?
is topologically conjugate to a ? -action by automorphisms. The second step is to show that once j ? is topologically conjugate to a ? -action by automorphisms, then itself is topologically conjugate to an a ne ?-action.
Recall that the algebraic hull of a cocycle with values in an algebraic group H is the (conjugation class of) algebraic subgroup L H such that (a) is measurably equivalent to an L-valued cocycle, and (b) is not measurably equivalent to an L 0 -valued cocycle for any proper algebraic subgroup L 0 L. For ergodic actions preserving probability measure, the existence of algebraic hull can be found in 9.2.1, Z84]. Let (x) = ( 1 (x); 2 (x)) = ( 1 (x); 1 N )(1 G ; 2 (x)). Note that the rst component of ( ; x) is equal to ( ), we conclude that 1 (^ 1 ( )x) ?1 1 ( ; x) 1 (x) = ( ) by comparing the rst components of both sides of (6.1). Consequently, We call a representation of G on a vector space V weakly hyperbolic, if it does not contain orthogonal representation. We will consider as a representation of G on the Lie algebra n of N. We note that when is weakly hyperbolic, j ? : ? ! GL(n) does not have compact part in the sense of (D10) Lemma 6.5. Let M be a compact topological space with a continuous ? -action and a nite invariant Borel measure m. Let F be a nite set with normalized counting measure. Let X = M F with the product measure. Let^ be a measurable ? -action on X covering . Let A : ? M ! H be a continuous map. Assume that is weakly hyperbolic, and P : X ! N is a measurable map such that P(m; f) = ( ) ?1 (P(^ ( )(m; f))A( ; m)) for all 2 ? , f 2 F and almost all m 2 M. Then:
(1) P : X ! N coincides with a continuous map on the closed subset supp(m) F, and independent of f 2 F;
(2) If P 0 is another measurable map such that P 0 (m) = ( ) ?1 (P 0 ( m)A( ; m)) for all 2 ? and almost all m 2 M, then P = P 0 .
Proof. We prove the theorem in two cases: N = R n and N is non-abelian, connected, simply connected nilpotent Lie group. Case 1: N = R n .
For each 2 ? , let E( ) R n and F( ) R n be generalized eigenspaces of ( ) with respect eigenvalues of absolute values > 1 and 1. Denote P E( ) the projection of P to E( ) with respect to decomposition R n = E( ) F( Since A E( ) is continuous and bounded, the right hand side series is uniformly convergent (by comparison with a convergent geometric series). Hence P E( ) is independent of f 2 F and coincides with a continuous map at almost all points x 2 X. This completes the proof of (1) in Case 1. To see (2), we rst note that from the proof above, P E( ) = P 0 E( ) . Then using Lemma 2.7 of Q96], one easily seen that P = P 0 .
Case 2: N is non-abelian, connected, simply connected nilpotent Lie group.
Let exp : n ! N be the exponential map. Then exp is a di eomorphism. Let log be the inverse di eomorphism. Let p(x) = log(P(x)), a( ; m) = log(A( ; m)) for m 2 M and x = (m; f) 2 X = M F. Applying log to the equation P(x) = ( ) ?1 (P( x)A( ; m)), we see that p(x) = ( ) ?1 (log(exp(p( x)) exp(a( ; m)))):
By Campbell-Hausdo formula (see x2.15, V84]), we may rewrite the right hand side as Now we decompose n into -invariant subspaces. Let V 1 = n; V 2 = n; n], and V j the vector subspace of n generated by all elements formed by j ? 1 bracket operations of elements in n. It is easy to see that all V j are -invariant, V j+1 V j and V s = V s+1 = = 0. Since V 2 V 1 is -invariant and is completely reducible, there exists a -invariant subspace W 1 V 1 = n such that V 1 = W 1 V 2 . Since V 3 V 2 is -invariant and is completely reducible, there exists a -invariant subspace W 2 V 2 such that V 2 = W 2 V 3 . Repeat the process, we obtain n = W Note that c i (p( x); a( ; m)) = c i (q 1 ( x) + p W 1 ( x); a 1 ( ; m) + a W 1 ( ; m)), it is not difcult to see that c i (p( x); a( ; m)) = r 0 i (p W 1 ( x); a W 1 ( ; m)) + r 00 i (p W 1 ( x); a 1 ( ; m)) + c 0 i (q 1 ( x); a 1 ( m)) + c 00 i (q 1 ( x); a W 1 ( m)), where r 0 i ; r 00 i take values in V i , c 0 i ; c 00 i take values in V i . Since the projections of p, q 1 to W 2 are equal, and the projections of a; a 1 to W 2 are equal, we have that p W 2 (x) = ( ) ?1 (p W 2 ( x) + a 2 ( ; m) + r 2 ( ; x)), where r 2 ( ; x) is the projection of r 0 i (p W 1 ( x); a W 1 ( ; m)) + r 00 i (p W 1 ( x); a 1 ( ; m)) to W 2 . Again by the conclusion of Case 1, we deduce that p W 2 is continuous and unique.
Repeat the process, we conclude that p W j are continuous and unique for all j = 1; : : : ; s? 1.
Remark 6.6. (a) From the proof of this lemma, it is clear that for 0 as in (6.2), log ( 0 ) is de ned by a number of convergent series. The form of the series does not depend on the choice of the ergodic component M 1 and the ergodic measure 1 . Therefore, there exists a continuous N-valued map 0 de ned on all N= , such that (6.2) holds for all m 2 N= and all 2 ? . In other words, there exists a continuous map : N= ! N= such that (m) = 1 (m) for all j ? -ergodic component M 1 and m 2 M 1 N= .
(b) is actually homotopic to id N= , as easily seen from its de nition.
(c) It is also easy to see that if ( ; ) is C 0 -close to ( ; 1 N ) on generators, then is C 0 -close to id N= . This follows easily from the proof of Lemma 6.5. This fact can also be used to prove local rigidity of the action A as in Theorem 1.2.
Theorem 6.7. If in addition we assume that is an Anosov action. Then j ? is C 0 -conjugate to a ? -action by automorphisms via : ? ! Aut(N= ). It is very likely that if is weakly hyperbolic, then 0 is also weakly hyperbolic.
